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Abstract

In a recant experiment we studied cold rubidium atoms bourcing on a magnetic mirror made from a
flexible computer disk with sinusoidal magnetisation. The motion was well described by a model in
which the mirror was a perfed speaular reflecor, bu complete agreament with the data required the
refleding surfaceto be dightly corrugated. Here we explore the physicd origins of the @rrugation
both theoretically and experimentally.

First, we develop a theory relating the refleding force on the @oms to the magnetisation d the
mirror, taking into acourt the finite thicknessof the magnetic film. We find that if the signal on the
floppy disk is not harmonic the @oms appea to have been refleded from a @rrugated surface as ob-
served in ou recent experiment. Next, we describe magnetic force microscope measurements which
allow usto determine the distortion onthe disk and henceto quantify its effed onthe refleded atoms.
We show that recording norineaity is indeed a major cause of the mirror roughness We dso con-
sider other sources of roughnessand identify an important effed associated with the boundiries be-
tween recorded tradks. Agreement between ou experiment and theory suggests that we have identi-
fied the limiting fadors in red atom-opticd element made from a floppy disk. At present the angular
resolution d the mirror is approximately 35 mrad for atoms dropped from a height of 4 cm. We dis-
cuss how this can be improved to reach the levelrofds or better.

the mirror is substantially crect.

Sedion 2 pesents a detailed dscusson d the
ided magnetic mirror with sinusoidal magneti-
sation and also analyses the more general case
in which two frequencies are present. In Sec-
tion 3we discussthe operation d a magnetic
force microscope (MFM) and describe meas-
urements which allowed us to determine the
Fourier amplitudes of the magnetic field above
our atomic mirror. The results of the MFM

1. Introduction

The field of atom optics has receitly enjoyed
spedaaular growth, mainly due to the advance
of techniques to manipulate aoms using laser
light [1]. In ou laboratory a related pro-
gramme has been under way to manipulate
atoms by means of their interadion with mi-
crostructured magnetic surfaces [2]. A recent
paper from our group [3], henceforth cdled
Paper |, described an experiment to bource

cold rubidium atoms on a sphericd magnetic
mirror made from a suitably magnetised flexi-
ble computer disk (“floppy disk”). Our analy-
sis of the @omic motion showed that the mir-
ror was a virtually perfea speaular reflecor,
but that there were imperfedions of the mirror
surfacewhich we tentatively ascribed to nan-
lineaities in the recording process In this
paper, the seond d a series, we describe di-
red meassurements of the microscopic mag-
netic properties of the same @omic mirror,
which confirm the role of these norlineaities
and show that our physicd understanding of

measurements are put into the theory in Sec-
tion 4 and the predictions are wmpared with
the results of Paper I. Findly, in Sedion 5,we
summarise what has been leaned from this
microscopy and make afew remarks abou the
prospects for magnetic mirrors in the future.

2. Principles of the Magnetic Mirror

2.1. Theideal mirror

The principle of the magnetic mirror was first
discussed by Vladimirskii [4] as a way to re-
fleda cold neutrons and was later developed by



Opat et al [5] with a view to refleding cold
atoms. An atom in a magnetic field of magni-
tude B has the magnetic dipde interadion en-
ergy U=-u,B, where p, isthe projedion o

its magnetic moment onto the field dredion.
Provided the magnetic field changes dowly
enouwh (and it does for the cld atoms in our
experiments) the magnetic moment foll ows the
field adiabaticdly and the angle between them
is constant. In this adiabatic regime the po-
tential energy of the aom depends on the field
magnitude B, bu not its diredion. Thefield of
our atomic mirror increases nea the surface
and p. is normally chosen to be negative so

that the @om can be refleded by the Stern-
Gerlach force Ou B. Thisis the basic princi-

ple. Inthis sdionwe provide amore detail ed
mathematica description o the mirror than
has been given before. We start with the cae
where the magnetisation d the mirror surface
is exadly sinusoidal and then extend the dis-
cussonto alow for harmonic distortion d the
magnetisation dwe to the nonineaity of the
recording process.
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Figure. 1. Schematic diagram of the mirror
surfaceshowing alternating magnetisation M
in the X diredion. Also shown are the nor-
mal to the surface which defines the ¥ di-

redion, the origin of the y-axis, and the
thicknes% of the manetic layer.

The dtatic field B above a magnetic surface
can be described by a scdar potential @ re-
lated to the magnetisation M(r') within the
material by equation(5.10Q0 of Jadkson's
book[6]:
on =42 [ 2 e
(1)
fn "M(r") &
Ir=r|
where V and S are the volume and surface of
the material and n’ is the normal to the sur-
face For our atomic mirrors the diredion o
the magnetisation is primarily parallel or anti-

parallel to ore ais, which we take to define X

as fown in figure 1. The surfaceof the mir-
ror is flat with its normal n’ defining the §

axis. With this gometry
IMIOX" s ,
I r=rp ¢ 2)
An additiondl feaure of the mirror is that the
magnetisation is periodic with a repetition
length A, therefore it is convenient to expand
the ma@netisation in a Fourier series

o

M=3) M, e™+c.c., ©)

in which k=2m/A and c.c. indicaes the
complex conjugate. Equation(2) then be
comes

|nkx

(p(r)——— |kJ' = d3r'+cc (4)

In genera thls mtegral canna be evaluated
analyticdly, howvever, Laplacés equation for
¢(r) together with the periodicity of M im-
pose a structure on the field of the form
- z g el [tog(nkx + &, )D )
sin(nkx +4,)0’

in Whlch B, is the field amplitude of the n"
harmonic & the surfaceof the mirror and 9, is
the phase of the magnetisation defined by

=M |e”. When the magnetisation is
constant throughou the thickness b of the
material, one finds that

1 -
e ") oM, (6)

Bn :E(l_
as we derive in Appendix A by dired integra-
tion o equation(4). This dows that the
maximum field available to refled atoms is
only half the remanent field and that if the
wavelength o the magnetisation is much
greder than the thicknessb of the magnetised
layer, there is a further suppresson given by
the term in parentheses. These fadors can be
understood if we replacethe magnetisation o
the material by an effedive surface arrent per
unit width of M xn’. Thefield dueto the aur-
rent on the front surfaceis % y,|M|, bu thisis

cancdled in part by the field from surface ar-
rent flowing onthe badk. Finally, we note that
ead harmonic in equation (5) deaeases expo-
nentialy with dstance from the surface the
longest range being associated with the fun-
damental.

When the magnetisation is a pure sine wave,
the magnitude B of the field is given by equa-
tion(5) as B,e™, and for an atom whaose mag-




netic moment along the field is i the inter-
action energy is then

U=-uBe™. ©)
We seethat for negative values of u_ thein-

teradion is repulsive and hes flat equipoten-
tias: inshort, it isamirror. To give asense of
the energy scdes, we remark that a 15G sur-
facefield is sifficient to refled rubidium at-
oms in the (5Sy, F=3, m=3) ground state
dropped from a height of 1 cm. In ou atomic
mirror, the surfacefield is roughly 230G and
the dtenuation length 1/k is approximately
2 um. For atoms dropped orto such a mirror,
the refleding potential is very stegp compared
with the gravitational one and the &om turns
aroundin a very short distance. For the pur-
poses of this paper, it is therefore agood ap-
proximation to regard the refleding potential
as a step at which the normal comporent of the
atomic velocity is instantaously reversed.

2.2. Nonlinear recording

When the magnetisation has more than ore
frequency comporent the equipotentials of the
mirror are @rrugated, producing avariationin
the angle of refledion. Consider, for example,
a mirror in which the magnetisation has just
two Fourier comporents, the fundamental and
the second harmonic. Then equatibhgives

B’ = Bie™ +2B,B,e™ cogkx + &, - 8))
Cgew ©®

If the @om is refleded at a large distance
where ky>>1, the dominant term in equa-
tion (8) is the first one, which is generated by
the fundamental, and the presence of the sec-
ond harmonic has no significant effea on the
operation d the mirror. Closer to the surface
one cana ignore the oscill ating second term,
but the last term remains negligible because
B,e™™ << B, (unless we intentiondly intro-

duce avery strong second tarmonic). There-
fore

0 0
B=B,ed+ By g codkx+35,-8,)0  (9)
O B O
Thus the equipotential correspondng to a par-

ticular field magnitude is no longer flat. Its
slope is given by

_ 9Bldx _ B,e™
- dBldy B,

sin(kx+35,-35,)  (10)

where Y, is the average height of the eyuipo-

tential above the mirror, and we have @ntin-
ued to negled small terms of order B,e™ /B,.

The amplitude of these ripples is equal to our
small expansion parameter, which means that
the mirror is flat to a first approximation and
bewmes increasingly so as the distance from
the surfacericreases.

Atoms dropped from a height h at normal inci-
dence onto the mirror penetrate to a depth
where the magnetic potential energy
- u.B,e™ isequal to theinitial potential en-
ergy of the aom mgh. The angular variation
of this maximum equipotential surface ca be
written according to eaion (10) as

1B mgh U
el

7208, e, (41
where A9 isthermsvalue of 3. We naote that

this is propational to the drop height h
(provided u  is constant), so atoms dropped

from a greaer height will see arougher mirror
surface Corrugations associated with a higher
harmonic, say n, have alealing term which
decays as e ™Y, Higher harmonics are
therefore even lessimportant than the second
harmonic except when the @om is very close
to the mirror surface.

One might think of approximating the gomic
trajedories by letting the aoms travel fredy
until they reat the arrugated equipotential at
Y, Where afictitious hard surfacerefleds them
by instantaneous reversal of the normal veloc-
ity. In this model the rms deviation d the re-
fleded atoms is 2A9 . However, thisis not a
good approximation becaise the @oms are in
faa decderated significantly in the region
above y, where the mrrugation angle 3 is
smaller, and therefore the angular diffusion o
the refleded atoms is lessthan 2A9 . In ap-
pendix B we show the surprisingly ssimple re-
sult that a hard surfacewhaose orrugation an-
gleis 94 =23 /3 provides an excdlent ap-

proximation to the real mirror.

3. Magnetic force microscopy of our
mirror

Paper | describes the fabrication o an atom
mirror from a floppy disk on which we had
recorded a sine wave. In the experiment re-
poted here we have used an MFM [7] to
measure the field above this mirror surface



diredly in oder to determine the harmonic
amplitudes B, and cdculate AS. (Seerefer-

ence[8] for a recet review of magnetic mi-
croscopy). The sensor in ou measurements
consists of a sharp probe mourted ona sili con
cantilever spring. The probe tip is coated with
a 350nm layer of cobalt-chromium alloy
which is permanently magnetised in the
(approximately) verticd diredion. This mate-
rial is chasen for the tip because it is magneti-
cdly hard and therefore provides a magnetic
moment that is relatively independent of the
strength of the field being measured. The in-
teradion between the tip and the magnetic
field changes the dfedive spring constant of
the cantilever by an amount equal to the aver-
age force gradient and this is deteded as a
change in the resonant frequency of the tip as
we now discuss.

3.1. Theory of the MFM response

Let us approximate the tip of the MFM as a
harmonic oscillator of natural frequency
W, = Jk I'm, freeto move in the y diredion.
Under the influence of a force mmporent F,

the equation of motion is

my =-ky +F,. (12
Making a Taylor expansion d the force
F, =R +Fy+... we obtain the shifted reso-
nant frequency

w=k-F)/mOw(1-1F k). (13

The negled of quadratic variations in F, over

the tip and the asaumption d a smal fre-
guency shift are bath good approximations in
our case. The MFM signal is propational to
the change in the resonant frequency, therefore

it is esentially the derivative F, that the mi-

croscope measures.
The force on the tip is

F :J:dBrD(M B), (14)

where V is the volume of the tip and M is its
magnetisation. If we suppcse that the tip is
uniformly magnetised, then its magnetic mo-
ment U is MV and the force gradient gener-
ating the MFM signal is

0°B
ay? "’

Fy' :m%J:dsr (15

For the periodic fields we ae interested in,
HB can be expanded as a Fourier series in
which the n" term is
UB, sin(nk x + ¢ )exp(-nk,y), (cf. equa
tion(5)). Here the phase ¢, depends on the
diredion d the tip magnetisation as well as
the origin o the x co-ordinate. It foll ows that

the " Fourier component of, is

F (nky) =

uB,
v

(16)

(nk,)? Jd3rsin(nk0x+¢n)e'”"°y.

If the tip is gnall compared with 1/ nk,, the

integrand is approximately constant over the
integration volume and

F (nko) =&, B, sin(nkox +¢)e™,  (17)

where &, is equal to u(nk,)*. Thus we can

consider that the MFM maps out the field par-
alel to p but with a sensitivity ¢, that is dif-

ferent for each Fourier component.

When the size of the tip canna be negleded,
the volume average in equation (16) has to be
caried ou. One still finds, even for arbitrary
tip geometry, that the force gradient on the
MFM tip is given by a formula identicd to
equation (17). We do nd present the deriva-
tion here becaise it is perfedly straightfor-
ward and rather tedious. Now x andy refer to
the pasition d some reference point on the tip,
for example the lowest point and the parame-
ters &, and ¢, include the dfeds of averaging

over the tip volume. Moreover, the micro-
scope signal continues to be described by
equation (17) even when the diredion d mo-
tion d the tip is not along y (i.e. na perpen-
dicular to the surfacg as we asumed in equa-
tion(12). So far we have used the parameters
&, and @, , evaluated at the harmonic frequen-

cies nk,, to describe the interadion between

the MFM tip and a particular sample. More
generally however, we require @ntinuows
functions &(k) and ¢(k) to analyse the inter-

adion d the same tip with dfferent samples.
Once these ae known, it is possble to recon-
struct the field above ay surface from a
Fourier analysis of the MFM scans provided
the magnetisation is periodic and along x.
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Fig. 2. MFM signal recorded 25nm above ahard disk
with square-wave magnetisation. Superimposed on this
is the theoreticd function given in equation 18with fit-
ting parameters C&, and 0, chosen to minimise x>
The fast oscill ations in this curve ae due to the trunca
tion of equation 18at N =13. The residuals of the fit
are also shown.

This point seems not to have been naed in the
MFM literature to date [9, 10, 11, 12]. This
idea ca also be used to analyse surfaces mag-
netised along the z diredion. In addition, ore
may be &ble to extend it to more general cases
in which the magnetisation is not constrained
to ore diredion, bu that is beyond the scope
of this article.

3.2. MFM Measurements

Following the ideas developed above, we first
set abou determining the functions ¢ and ¢
for the particular MFM tip used to measure the
field above our magnetic mirror. This was
dore by scanning the tip at a height of 25 nm
above ahard dsk which had a square wave
magnetisation d wavelength 10.5um. On the
basis of equations (17) and (6), we exped this
signal to have the form

MFM signal = CZ & (1-e ™)
o] n (18)

Eli—sin[nkox +¢n]e'“k°y.

Here C incorporates all the onstant fadors in
the MFM sensitivity, b=1pm is the thick-
ness of the magnetic layer on the hard dsk,
and we have used the fad that the Fourier am-

plitudes of a square wave ae 1/n for odd n.

Figure 2 shows the signal from approximately
200 MFM scans in the x-diredion, represent-
ing an average over some 10um in the z-
diredion. Also shown is a least-squares fit of
equation (18) to this curve, keguing terms up
to n =13 which span the range of wavevedors

0 10 20 30 40 50 60
Horizontal position (um)

Fig. 3. MFM signals recorded above our floppy disk
magnetic mirror at threedifferent heightsindicated by (a)
(b) (c), correspondng to 0.5, 1.0, and 20 um. The three
curves are on the same scde, but are off set verticdly for
clarity.

06-78um™. The fitted curve has sme high

frequency oscill ations due to the truncaion o
the series, bu it is evident from the residuals
that the experimental signal is indeed well de-
scribed by equation (18). We dso tried afit in
which even harmonics were dlowed and in
this way we found empiricdly that they were
indeed absent or at least indistinguishable
from the noise.

The values of &, were foundto be dmost con-

stant. This clealy indicaes that the tip is not
small on ou scade because &, On® for atip of

negligible size. In faa, for a hdlow pyramid
of small apex angle aad height H>>1/k it
can be shown by carying out the integral in
equation (16) that &(k) has the constant value

2u/ H?, therefore our experimental result is
not entirely surprising. Having cdibrated
&(k), we were realy to scan the field above

the aomic mirror to determine its Fourier am-
plitudesB, .

Figure 3 shows MFM scans aaoss the mirror
taken at threefixed heights, y = 0.5, 1.0,and
2.0pum above the surface of the floppy disk.
The first point to ndice is that the field at a
height of 2.0um (slightly lessthan the dosest
approach o the most energetic @aoms dudied
in Paper 1) is esentially a pure sine wave,
which implies that the eguipotential for the
atom-mirror interadion is flat, as predicted by
the theory developed in Sedion 2. Of course,
our mirror is not infinite, bu one is not sur-
prised to find that the theory works well be-
cause the number of oscill ation periods is ap-
proximately 1400 (see reference [13] for a
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Fig. 4. Datapoints show the first three harmonics of the
MFM signd as a function d height above our magnetic
mirror. Lines are fits to the form a,,(0) exp(—nk,y) in
which the only free parameters are the three values of
a,(0).

discusson d end effeds due to a smal num-
ber of finite elements).

In order to explore the small distortions noted
in Paper |, we fitted ead scan to the function

3

Zansin(nkoxﬂpn) to determine the ampli-

tudes of the threeleading Fourier comporents
at that particular height. (Here k, now refers

to the periodicity of the mirror, na the cdi-
bration square wave). According to equation
(17), ead coefficient @, shodd vary with

height as a, (0) exp(-nk,y) . Our values of a,

are plotted in figure 4 together with curves of
this form, in which the three anplitudes at
zero height, a,(0), are the fitting parameters.

The fit demonstrates that the decay of eath
Fourier comporent with height is well de-
scribed by the exporential fador exp(-nk,y) .

Taking into acourt the frequency-dependent
sengitivity of the MFM, we obtain the ratios of
the field amplitudes at the surfaceby the rela-
tion

B, _2a,(0)/a,(0)

B, tE (19
We find that in ou mirror the ratio of seaond
and third harmonics to first are
B,/B,=020(2) and B,/B,=014(2). It is
not surprising that the magnetic materia re-
sponckd nodinealy to ou sinusoidal inpu
because the floppy disk is designed for digital
applicaions and kecaise we drove the mag-
netic material quite hard in arder to achieve a
large magnetisation. However, we epeded

the second harmonic amplitude to be small on
the grounds of symmetry and this is evidently
not the cae. At present we do nd understand
the cause of this, bu it is not an artefad of our
MFM technique.

4. Comparison with the results of Rper |

By a straightforward extension d the discus-
sionlealing up to equation (11), ore can show
that the rms angular variation A3 of the eui-
potentials with energy mgh for a mirror such
as ours with bah second and third harmonic
distortions should be given by

% mghEl:?r
28, Hu.8 %
|:|mgh

A fedt

Aswe discussin Appendix B, it is an excdlent
approximation to replace the mirror by an
equivalent hard refleding surface with a
smaller rms angular variation given by

(89)° =
(20)

In the experiment described in Paper |, rubid-
ium atoms in the F=3, mg=3 state were
dropped from various heights h orto this mir-
ror andvaluesfor A3, were determined from

astudy of the @omic motion. We aenow in a
pasition to compare those values with the pre-
diction d equation(21). When the various
constants are replacead by their spedfic values
in ou experiment, we find that the third har-
monic contribution is gmall for the heights up
to 40.5mm used in Paper |. Therefore equa-
tion (21) may be apprdmated by

Ad,, =060(7)h [1+ 25(6) x 107 h2] (22)
whereAd,, isin mrad andh is in mm.

The data points in figure 5 are the values of
A9, measured in Paper |, while the shaded

region shows the one standard deviation range
of values deduced from our MFM measure-
ments as encapsulated in equation (22). It is
evident that the norlineaity of the recording is
indeed a mgjor cause of the mirror roughness
deteded in Paper |. However, there is also a
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Fig. 5. Data points $ow the rms angular variation

AY 4 of the dfedive hard mirror surface a determined

from the motion d bourcing atoms in Paper I. The

shaded region shows the cntribution to Ad, due to

recording nonineaity, deduced from the MFM meas
urements presented here. The solid line shows the omm-
bined effea of rearding norineaity and dscontinuities
at the track boundaries.

substantial excess which is not explained by
the magnetic corrugations due to harmonics of
the field. We now consider passble caises of
this.

Since the MFM scans at a fixed height above
the surface of the floppy disk, ore obvious
posshility for the caise of the excess rough-
nessis avariationin the height of the magnetic
layer. In order to chedk this, we studied the
floppy disk under an atomic force microscope
(AFM) [14]. Figure 6 shows the profile of a
typicd linein the scan. Over a 100 um square

region, the standard deviation d the height is
22 nm and the maximum deviation from the
mean is 100nm. The topagraphy of the equi-
potential at average height y, shoud follow
that of the underlying surface aeraged over an
areaof order y,xy,. With this averaging pro-
cedure we used the AFM image to estimate the
height variation and hence the rms angular
variation d equipotentials 2pum and 4um
above our magnetic mirror. The results of this
simple model are A3 =7 mrad at height 2 um
(drop height 64mm) and AS =4mrad at

height 4 um (drop height 26 mm). These ae
not large enowgh to explain the excessangular
variation olserved in the @om bourcing ex-
periment becaise they shoud be alded in
quadrature to thAJ caused by harmonics.
We think it is more likely that the excess
roughnessis caused by the boundiries between
adjacent tracks of the magnetic recording.

100

Height (nm)
B (2] o]
o o o

N
o
.

o

0 20 40 60 80 100
Horizontal position (um)

Fig. 6. Typicd atomic force microscope scan acossthe
surface of the floppy disk.

Along ead boundry thereisaregion d width
~ A where the field is distorted becaise the
sine waves on the two tradks are not in phase
with ead ather. In these regions, which cover
approximately 0.03 d the mirror surface there
are strong angular variations of the magnetic
equipotentials and atoms which land there ae
defleded through large agles. The angular
variations reported in Paper | and shown as
data paintsin figure 5 include this effed of the
boundxries: our measurement did na distin-
guish the few atoms which suffer large deflec-
tions from the majority which have small de-
fledions. Both can be incorporated into the
theory by adding a mnstant angle, expeded to
be of order 0.03rad, in quadrature with the
corrugation caused by nonineaity of the re-
cording. The solid line in figure 5 shows this
modified theory with a 26 mrad constant term
as determined by a least-squares fit. This
model is completely compatible with ou data,
and suggests that there ae no aher significant
causes of non-speculaflection.

5. Summary and future prospects

We have developed a theory to describe the
equipotentials of the Zeaman interadion above
the surfaceof a magnetic mirror, which takes
into acourt the finite thickness of the mag-
netic layer and the anharmonicity of the re-
cording. We have dso devised a method Ly
which magnetic force microscopy can be used
to determine the Fourier comporents of the
mirror’'s magnetisation and used it to charac-
terise the @om-opticd properties of the mirror
according to our theory.

Our measurements have shown that the equi-
potentials of the mirror are essentialy flat and
deaease eporentialy as expeded from the



theory. There is sme spreal in the angle of
refledion d the @oms due to a @rrugation o
the refleding surface cased hy the presence
of more than ore frequency in the magnetisa-
tion d the surface Additional angular spread
is caused by the distortion d the eguipotential
surfaces at the boundxries between tradks. At
present, these dfeds limit the opticd quality
of the mirror by restricting the angular resolu-
tion to a few tens of milliradians for atoms
dropped from heights of a few centimetres.
There ae two obvious ways to improve the
performance of floppy disk mirrors in the fu-
ture, bah related to the way the signa is re-
corded. (i) It shoud be posshble to reduce the
amplitudes of the higher harmonics of the
magnetisation recorded by an appropriate dis-
tortion d the input waveform. (ii) In order to
avoid dscontinuities at the boundiries, the
tracks can be phase-locked to a reference
tradk, ensuring that the loci of maxima and
minima ae radial. With these improvements
one can hope to read the 5 mrad level and we

may well be able to do much better than that.

An dternative gproach might be to use a
magnetic material with a stronger remanent
field so that the @oms are refleded at alarger
distance from the surfacewhere we have dem-
onstrated that the higher harmonics have less
effed. On bah these ourns the use of mag-
netic audio tape is attradive: the maximum
field is of order 1 kG and the recording tedh-
noogy is caefully designed to optimise line-
arity. Of course, the synchronisation d tracks
would be required here as well.

In devices for physicd optics one nealsto pre-
serve the phase of the de Broglie wave frornt
and it is necessary to consider the height
variation d the surface We know from our
AFM image that the rms surfaceroughnessis
22nm. Using the simple mode described in
Sedion 4,we find that the eguipotential 4 um
above the surfacehas an rms roughness of or-
der 12nm. Since this is approximately equal
to the de Broglie wavelength of a rubidium
atom dropped from 1 cm, the prospeds for a
diffradion grating look good, grticularly at
grazing incidence angles. Other considera
tions related to the posgbility of physicd op-
tics have been discussed by Ogtal [5].
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Appendix A

This appendix fills in the steps conreding
equations (4), (5) and (6). When the magneti-
sationis uniform throughou the thicknessb of
the nedium, equatior{4) reduces to

(p(r)——8— inkM |+ c.c., (23

in which | is the following integral over the
magnetised volume

mkx

| = J’ (24)

Writing the Carte&an comporents of r—r' as

(u,v,w), this becomes
e—lnku

I = énkxj. duf/ dv _md\Nm (25)

The integra over u is gymmetric therefore
only the @sine term from the exporential sur-
vives. Now equations 3.754#2, 6.596#3nd
8.469#3 of referencd §] give

o cos(nku

I: KO[G(X2 +2%)]dx = %gZK—uz (a2) (26)
K _yz(nkv) = @%Lkvgze‘“w

where K is a Bes=l function d imaginary ar-
gument. These lead from equation (25) to the
result

on e (27)
(nk)® '
The combination d equations (23) and (27)
gives

inkx —-nkb
(1-e

1« iB )
(«r) —_= n —nkyel(nkx+6n) +c.c., (28)
2 & nk

where, as we cite in equati¢®),
— 1 —nkb
B, —Euoanl(l-e ). (29)

The components of the field are therefore

B, =- ﬁ(p ZB e ™ cog(nkx +8,) (30

and

B, :_z_(p: B, e'”kysin(nkx+5n), (31
y &

which is the result given in equati¢s).



Appendix B

This appendix relates the soft potential of the
floppy disk mirror to an equivalent hard mir-
ror.

B1. First and second harmonics

We take & our starting point the equations of
motion cderived from equation (9), keeping
only the leading terms:

2

d’y

M ~HBke™
o (32
mT;( = -, B,ksin(kx)e

Naturaly, we negled the gravitational acce-
eration which has no appredable dfed while
the gom isin the field of the mirror. Integra-
tion of the first equation above gives

v, (1) = v y1-e U0 (33

where v, is the initia velocity (i.e. —,/2gh
for adrop height h) and Y, is the distance of

closest approach. When we integrate once
again we find the height as a function d time
is given by

e 0 =gech? (t-t,)/T, (34)

where t, is the time & the moment of closest
approach and 7 =2/ kv, charaderises the time

of interadion between the @om and the mir-
ror. For completenesswe note that the time-
dependence of the perpendicular velocity is

v, (1) =-vytanhy(t—t,) / T (39

The x-comporent of velocity is found ty sub-
stituting equatior(34) into equatior(32).

M = -, B,ke™We
dt 2 (36)
@in(kx) sech® (t—t,)/1

In general, this does not have asimple analyti-
cd solution, havever we ae interested in the
particular cases where v, <<v,. In these
cases v, 1 << A and then the fador sin(kx) is
effedively a onstant sin(kx,), where X,
identifies the point of impad on the mirror.
The agle of deviation from speaular reflec-
tion is determined by the dhange in v, result-
ing from the refledion, and is found ly inte-
grating equationi36) to be

X

Av U{sze_zwo sin(kx,) 4t

V, mv, 3

4B, U mgh U
:——%‘— sin(kx,).
3B, HZBl% (txo)

We take the rms value of this and dvide by 2
to oktain AS, , the angular variation d the

equivalent hard reflecting surface.

(37

2 B, mgh O 39

AS., =
“ ~3/2 B, BB,

Thisis predsely 2/3 of AJ, the angular varia-
tion d the euipotential at y, which is given
in the text by equation (11). This fador isthe
main result we wish to show. In the ourse of
deriving it, we have made asuccesson d rea
sonable gproximations. In order to ched that
the net effed remains a good approximation
we have compared equations (37) and (38)
with a numericd cdculation d the ead
atomic trgjedories. In this complete cdcula
tionthe angles of deviation are indeed sinusoi-
dal in X, within a few percent and their varia-

tion is corredly charaderised by our AJ
hard mirror approximation to better than 1%.

B2. Higher harmonics

In the presence of higher harmonics the inter-
ference between the fundamental and the n"
harmonic leals to an additional accéerationin
thex direction. The leading term is

m%@ =—(n-1) B ke "o
Ein(n—-1)kx sech™(t—t,)/ T

which is a simple extension d equation (36).
A repetition d the analysis given above even-
tually yields an angular variation d the
equivalent hard reflecting surface of

(03.1), =

1 0B, 0 mgh O (2n-2)n (40
E(n_l)EE%uZBl% @n-ni-

Thisisto be compared with the angular varia-
tion at spatia frequency (n—21)k of the equi-
potential aty,



_1 0B, mgh ™ 41
09), = 1)545%@§ @y

Once @ain we find that Ad, is related to

AF by asimple numericd fador, spedficdly
(2n-=2)!1/(2n=1)!!. For the particular case
of n=2 we rewver the fador of 2/3 derived
above. In the cae of our mirror we wish to
include bath n=2 and n=3 and the varia-
tions (Ady ), and (Ad), must be alded in

guadrature. Thisishow we arived at the total
angular variation given in equation (21) of the
text.
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