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Abstract

In a recent experiment we studied cold rubidium atoms bouncing on a magnetic mirror made from a
flexible computer disk with sinusoidal magnetisation.  The motion was well described by a model in
which the mirror was a perfect specular reflector, but complete agreement with the data required the
reflecting surface to be slightly corrugated.  Here we explore the physical origins of the corrugation
both theoretically and experimentally.

First, we develop a theory relating the reflecting force on the atoms to the magnetisation of the
mirror, taking into account the finite thickness of the magnetic film.  We find that if the signal on the
floppy disk is not harmonic the atoms appear to have been reflected from a corrugated surface, as ob-
served in our recent experiment.  Next, we describe magnetic force microscope measurements which
allow us to determine the distortion on the disk and hence to quantify its effect on the reflected atoms.
We show that recording nonlinearity is indeed a major cause of the mirror roughness.  We also con-
sider other sources of roughness and identify an important effect associated with the boundaries be-
tween recorded tracks.  Agreement between our experiment and theory suggests that we have identi-
fied the limiting factors in real atom-optical element made from a floppy disk.  At present the angular
resolution of the mirror is approximately 35 mrad for atoms dropped from a height of 4 cm.  We dis-
cuss how this can be improved to reach the level of 5 mrad or better.

1.  Introduction

The field of atom optics has recently enjoyed
spectacular growth, mainly due to the advance
of techniques to manipulate atoms using laser
light [1].  In our laboratory a related pro-
gramme has been under way to manipulate
atoms by means of their interaction with mi-
crostructured magnetic surfaces [2].  A recent
paper from our group [3], henceforth called
Paper I, described an experiment to bounce
cold rubidium atoms on a spherical magnetic
mirror made from a suitably magnetised flexi-
ble computer disk (“ floppy disk” ).  Our analy-
sis of the atomic motion showed that the mir-
ror was a virtually perfect specular reflector,
but that there were imperfections of the mirror
surface which we tentatively ascribed to non-
linearities in the recording process.  In this
paper, the second of a series, we describe di-
rect measurements of the microscopic mag-
netic properties of the same atomic mirror,
which confirm the role of these nonlinearities
and show that our physical understanding of

the mirror is substantially correct.
Section 2 presents a detailed discussion of the
ideal magnetic mirror with sinusoidal magneti-
sation and also analyses the more general case
in which two frequencies are present. In Sec-
tion 3 we discuss the operation of a magnetic
force microscope (MFM) and describe meas-
urements which allowed us to determine the
Fourier amplitudes of the magnetic field above
our atomic mirror.  The results of the MFM
measurements are put into the theory in Sec-
tion 4 and the predictions are compared with
the results of Paper I.  Finally, in Section 5, we
summarise what has been learned from this
microscopy and make a few remarks about the
prospects for magnetic mirrors in the future.

2.  Principles of the Magnetic Mirror

2.1.  The ideal mirror

The principle of the magnetic mirror was first
discussed by Vladimirskii [4] as a way to re-
flect cold neutrons and was later developed by
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Opat et al [5] with a view to reflecting cold
atoms. An atom in a magnetic field of magni-
tude B has the magnetic dipole interaction en-
ergy U B= −µζ , where µζ  is the projection of

its magnetic moment onto the field direction.
Provided the magnetic field changes slowly
enough (and it does for the cold atoms in our
experiments) the magnetic moment follows the
field adiabatically and the angle between them
is constant.  In this adiabatic regime the po-
tential energy of the atom depends on the field
magnitude B, but not its direction.  The field of
our atomic mirror increases near the surface
and µς  is normally chosen to be negative so

that the atom can be reflected by the Stern-
Gerlach force ∇µς B .  This is the basic princi-

ple.  In this section we provide a more detailed
mathematical description of the mirror than
has been given before.  We start with the case
where the magnetisation of the mirror surface
is exactly sinusoidal and then extend the dis-
cussion to allow for harmonic distortion of the
magnetisation due to the nonlinearity of the
recording process.
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Figure. 1.  Schematic diagram of the mirror
surface showing alternating magnetisation M
in the 

�
x  direction.  Also shown are the nor-

mal to the surface, which defines the 
�
y  di-

rection, the origin of the y-axis, and the
thickness b of the magnetic layer.

The static field B above a magnetic surface
can be described by a scalar potential φ  re-
lated to the magnetisation M r( )′  within the
material by equation (5.100) of Jackson’s
book [6]:
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where V and S are the volume and surface of
the material and ′n  is the normal to the sur-
face.  For our atomic mirrors the direction of
the magnetisation is primarily parallel or anti-
parallel to one axis, which we take to define 

�
x

as shown in figure 1 .  The surface of the mir-
ror is flat with its normal ′n  defining the 

�
y

axis.  With this geometry
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An additional feature of the mirror is that the
magnetisation is periodic with a repetition
length 

� �
 therefore it is convenient to expand

the magnetisation in a Fourier series
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in which k = 2π λ/  and c.c. indicates the
complex conjugate.  Equation (2) then be-
comes

φ
µ
π( )

'

r
r r

= −
− ′ ′ +∫∑0 3

8
i c.c.

i

nk
M e

d r
n

nkx

V
n

. (4)

In general this integral cannot be evaluated
analytically, however, Laplace’s equation for
φ( )r  together with the periodicity of M  im-
pose a structure on the field of the form
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in which Bn  is the field amplitude of the nth

harmonic at the surface of the mirror and δ n  is
the phase of the magnetisation defined by
M M en n

i n= δ .  When the magnetisation is

constant throughout the thickness b  of the
material, one finds that

B e Mn
nkb

n= − −1

2
1 0( )µ , (6)

as we derive in Appendix A by direct integra-
tion of equation (4).  This shows that the
maximum field available to reflect atoms is
only half the remanent field and that if the
wavelength of the magnetisation is much
greater than the thickness b of the magnetised
layer, there is a further suppression given by
the term in parentheses.  These factors can be
understood if we replace the magnetisation of
the material by an effective surface current per
unit width of M n× ′ .  The field due to the cur-
rent on the front surface is 1

2 0µ M , but this is

cancelled in part by the field from surface cur-
rent flowing on the back.  Finally, we note that
each harmonic in equation (5) decreases expo-
nentially with distance from the surface, the
longest range being associated with the fun-
damental.
When the magnetisation is a pure sine wave,
the magnitude B of the field is given by equa-
tion (5) as B e ky

1
− , and for an atom whose mag-
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netic moment along the field is µς  the inter-

action energy is then
U B e ky= − −µς 1 . (7)

We see that for negative values of µς  the in-

teraction is repulsive and has flat equipoten-
tials: in short, it is a mirror.  To give a sense of
the energy scales, we remark that a 15 G sur-
face field is suff icient to reflect rubidium at-
oms in the (5S1/2 F=3, mF=3) ground state
dropped from a height of 1 cm.  In our atomic
mirror, the surface field is roughly 230 G and
the attenuation length 1/ k  is approximately
2 
 m.  For atoms dropped onto such a mirror,
the reflecting potential is very steep compared
with the gravitational one and the atom turns
around in a very short distance.  For the pur-
poses of this paper, it is therefore a good ap-
proximation to regard the reflecting potential
as a step at which the normal component of the
atomic velocity is instantaneously reversed.

2.2.  Nonlinear recording

When the magnetisation has more than one
frequency component the equipotentials of the
mirror are corrugated, producing a variation in
the angle of reflection.  Consider, for example,
a mirror in which the magnetisation has just
two Fourier components, the fundamental and
the second harmonic.  Then equation (5) gives
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If the atom is reflected at a large distance
where ky >> 1, the dominant term in equa-
tion (8) is the first one, which is generated by
the fundamental, and the presence of the sec-
ond harmonic has no significant effect on the
operation of the mirror.  Closer to the surface
one cannot ignore the oscill ating second term,
but the last term remains negligible because
B e Bky

2 1
− <<  (unless we intentionally intro-

duce a very strong second harmonic).  There-
fore
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Thus the equipotential corresponding to a par-
ticular field magnitude is no longer flat.  Its
slope is given by

ϑ
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where y0 is the average height of the equipo-
tential above the mirror, and we have contin-
ued to neglect small terms of order B e Bky

2 1
− / .

The amplitude of these ripples is equal to our
small expansion parameter, which means that
the mirror is flat to a first approximation and
becomes increasingly so as the distance from
the surface increases.
Atoms dropped from a height h at normal inci-
dence onto the mirror penetrate to a depth
where the magnetic potential energy
− −µς B e ky

1
0  is equal to the initial potential en-

ergy of the atom mgh.  The angular variation
of this maximum equipotential surface can be
written according to equation (10) as
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where ∆ϑ  is the rms value of ϑ .  We note that
this is proportional to the drop height h
(provided µς  is constant), so atoms dropped

from a greater height will see a rougher mirror
surface.  Corrugations associated with a higher
harmonic, say n, have a leading term which
decays as e n ky− −( )1 .  Higher harmonics are
therefore even less important than the second
harmonic except when the atom is very close
to the mirror surface.
One might think of approximating the atomic
trajectories by letting the atoms travel freely
until they reach the corrugated equipotential at
y0 where a fictitious hard surface reflects them
by instantaneous reversal of the normal veloc-
ity.  In this model the rms deviation of the re-
flected atoms is 2∆ϑ .  However, this is not a
good approximation because the atoms are in
fact decelerated significantly in the region
above y0 where the corrugation angle ϑ  is
smaller, and therefore the angular diffusion of
the reflected atoms is less than 2∆ϑ .  In ap-
pendix B we show the surprisingly simple re-
sult that a hard surface whose corrugation an-
gle is ϑ ϑeff = 2 3/  provides an excellent ap-
proximation to the real mirror.

3.  Magnetic force microscopy of our
mirror

Paper I describes the fabrication of an atom
mirror from a floppy disk on which we had
recorded a sine wave.  In the experiment re-
ported here we have used an MFM [7] to
measure the field above this mirror surface
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directly in order to determine the harmonic
amplitudes Bn  and calculate ∆ϑ .  (See refer-
ence [8] for a recent review of magnetic mi-
croscopy).  The sensor in our measurements
consists of a sharp probe mounted on a sili con
cantilever spring.  The probe tip is coated with
a 350 nm layer of cobalt-chromium alloy
which is permanently magnetised in the
(approximately) vertical direction.  This mate-
rial is chosen for the tip because it is magneti-
cally hard and therefore provides a magnetic
moment that is relatively independent of the
strength of the field being measured.  The in-
teraction between the tip and the magnetic
field changes the effective spring constant of
the cantilever by an amount equal to the aver-
age force gradient and this is detected as a
change in the resonant frequency of the tip as
we now discuss.

3.1.  Theory of the MFM response

Let us approximate the tip of the MFM as a
harmonic oscill ator of natural frequency
ω κ0 = / m , free to move in the y direction.
Under the influence of a force component Fy

the equation of motion is

my y Fy

� �
= − +κ . (12)

Making a Taylor expansion of the force
F F F yy y= + ′ +0 ....  we obtain the shifted reso-

nant frequency

( ) ( )ω κ ω κ= − ′ ≅ − ′F m Fy y/ /0
1
21 . (13)

The neglect of quadratic variations in Fy  over

the tip and the assumption of a small fre-
quency shift are both good approximations in
our case.  The MFM signal is proportional to
the change in the resonant frequency, therefore

it is essentially the derivative Fy
′  that the mi-

croscope measures.
The force on the tip is

F (M B)= ∇ ⋅∫ d r
V

3 , (14)

where V is the volume of the tip and M  is its
magnetisation.  If we suppose that the tip is
uniformly magnetised, then its magnetic mo-
ment µµ  is MV  and the force gradient gener-
ating the MFM signal is
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For the periodic fields we are interested in,
µµ ⋅B  can be expanded as a Fourier series in
which the nth term is
µ ϕB nk x nk yn nsin( ) exp( )0 0+ − , (c.f. equa-
tion (5)).  Here the phase ϕ n depends on the
direction of the tip magnetisation as well as
the origin of the x co-ordinate.  It follows that

the nth Fourier component of Fy
′  is
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If the tip is small compared with 1 0/ nk , the
integrand is approximately constant over the
integration volume and

′ = + −F nk B nk x ey n n n
nk y( ) sin( )0 0

0ξ ϕ , (17)

where ξn  is equal to µ( )nk 0
2 .  Thus we can

consider that the MFM maps out the field par-
allel to µµ  but with a sensiti vity ξn  that is dif-
ferent for each Fourier component.
When the size of the tip cannot be neglected,
the volume average in equation (16) has to be
carried out.  One still finds, even for arbitrary
tip geometry, that the force gradient on the
MFM tip is given by a formula identical to
equation (17).  We do not present the deriva-
tion here because it is perfectly straightfor-
ward and rather tedious.  Now x and y refer to
the position of some reference point on the tip,
for example the lowest point and the parame-
ters ξn  and φn  include the effects of averaging
over the tip volume.  Moreover, the micro-
scope signal continues to be described by
equation (17) even when the direction of mo-
tion of the tip is not along y (i.e. not perpen-
dicular to the surface) as we assumed in equa-
tion (12).  So far we have used the parameters
ξn  and φn , evaluated at the harmonic frequen-
cies nk0 , to describe the interaction between
the MFM tip and a particular sample.  More
generally however, we require continuous
functions ξ( )k  and φ( )k  to analyse the inter-
action of the same tip with different samples.
Once these are known, it is possible to recon-
struct the field above any surface from a
Fourier analysis of the MFM scans provided
the magnetisation is periodic and along x.
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Fig. 2. MFM signal recorded 25 nm above a hard disk
with square-wave magnetisation.  Superimposed on this
is the theoretical function given in equation 18 with fit-
ting parameters C nξ  and φ n  chosen to minimise � 
 .
The fast oscill ations in this curve are due to the trunca-
tion of equation 18 at n = 13.  The residuals of the fit
are also shown.
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Fig. 3.  MFM signals recorded above our floppy disk
magnetic mirror at three different heights indicated by (a)
(b) (c), corresponding to 0.5, 1.0, and 2.0 � m.  The three
curves are on the same scale, but are offset vertically for
clarity.

This point seems not to have been noted in the
MFM literature to date [9, 10, 11, 12].  This
idea can also be used to analyse surfaces mag-
netised along the z direction.  In addition, one
may be able to extend it to more general cases
in which the magnetisation is not constrained
to one direction, but that is beyond the scope
of this article.

3.2.  MFM Measurements

Following the ideas developed above, we first
set about determining the functions ξ  and ϕ
for the particular MFM tip used to measure the
field above our magnetic mirror.  This was
done by scanning the tip at a height of 25 nm
above a hard disk which had a square wave
magnetisation of wavelength 10.5 � m.  On the
basis of equations (17) and (6), we expect this
signal to have the form

( )

[ ]
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−

−
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n
nk b
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n
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ξ

ϕ

1

1

0

0
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Here C incorporates all the constant factors in
the MFM sensiti vity, b = 1µm  is the thick-
ness of the magnetic layer on the hard disk,
and we have used the fact that the Fourier am-
plitudes of a square wave are 1/n for odd n.
Figure 2 shows the signal from  approximately
200 MFM scans in the x-direction, represent-
ing an average over some 10 � m in the z-
direction.  Also shown is a least-squares fit of
equation (18) to this curve, keeping terms up
to n = 13 which span the range of wavevectors

06 78. .− µm-1 .  The fitted curve has some high
frequency oscill ations due to the truncation of
the series, but it is evident from the residuals
that the experimental signal is indeed well de-
scribed by equation (18).  We also tried a fit in
which even harmonics were allowed and in
this way we found empirically that they were
indeed absent or at least indistinguishable
from the noise.
The values of ξn  were found to be almost con-
stant.  This clearly indicates that the tip is not
small on our scale because ξn n∝ 2  for a tip of
negligible size.  In fact, for a hollow pyramid
of small apex angle and height H k>> 1/  it
can be shown by carrying out the integral in
equation (16) that ξ( )k  has the constant value

2 2µ / H , therefore our experimental result is
not entirely surprising.  Having calibrated
ξ( )k �  we were ready to scan the field above
the atomic mirror to determine its Fourier am-
plitudes Bn .
Figure 3 shows MFM scans across the mirror
taken at three fixed heights, y = 0.5, 1.0, and
2.0 � m above the surface of the floppy disk.
The first point to notice is that the field at a
height of 2.0 � m (slightly less than the closest
approach of the most energetic atoms studied
in Paper I) is essentially a pure sine wave,
which implies that the equipotential for the
atom-mirror interaction is flat, as predicted by
the theory developed in Section 2.  Of course,
our mirror is not infinite, but one is not sur-
prised to find that the theory works well be-
cause the number of oscill ation periods is ap-
proximately 1400 (see reference  [13] for a
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Fig. 4.  Data points show the first three harmonics of the
MFM signal as a function of height above our magnetic
mirror.  Lines are fits to the form a nk yn ( ) exp( )0 0−  in

which the only free parameters are the three values of
an ( )0 .

discussion of end effects due to a small num-
ber of finite elements).
In order to explore the small distortions noted
in Paper I, we fitted each scan to the function

( )a nk xn
n

n
=

∑ +
1

3

0sin φ  to determine the ampli-

tudes of the three leading Fourier components
at that particular height.  (Here k0  now refers
to the periodicity of the mirror, not the cali-
bration square wave).  According to equation
(17), each coeff icient an  should vary with
height as a nk yn ( ) exp( )0 0− .  Our values of an

are plotted in figure 4 together with curves of
this form, in which the three amplitudes at
zero height, an ( )0 , are the fitting parameters.
The fit demonstrates that the decay of each
Fourier component with height is well de-
scribed by the exponential factor exp( )−nk y0 .
Taking into account the frequency-dependent
sensiti vity of the MFM, we obtain the ratios of
the field amplitudes at the surface by the rela-
tion

B

B

a an n

n1

1

1

0 0
=

( ) / ( )

/ξ ξ
. (19)

We find that in our mirror the ratio of second
and third harmonics to first are
B B2 1 020 2/ . ( )=  and B B3 1 014 2/ . ( )= .  It is
not surprising that the magnetic material re-
sponded nonlinearly to our sinusoidal input
because the floppy disk is designed for digital
applications and because we drove the mag-
netic material quite hard in order to achieve a
large magnetisation.  However, we expected

the second harmonic amplitude to be small on
the grounds of symmetry and this is evidently
not the case.  At present we do not understand
the cause of this, but it is not an artefact of our
MFM technique.

4.  Comparison with the results of Paper I

By a straightforward extension of the discus-
sion leading up to equation (11), one can show
that the rms angular variation ∆ϑ  of the equi-
potentials with energy mgh for a mirror such
as ours with both second and third harmonic
distortions should be given by
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As we discuss in Appendix B, it is an excellent
approximation to replace the mirror by an
equivalent hard reflecting surface with a
smaller rms angular variation given by
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In the experiment described in Paper I, rubid-
ium atoms in the F=3, mF=3 state were
dropped from various heights h onto this mir-
ror and values for ∆ϑeff  were determined from
a study of the atomic motion.  We are now in a
position to compare those values with the pre-
diction of  equation (21).  When the various
constants are replaced by their specific values
in our experiment, we find that the third har-
monic contribution is small for the heights up
to 40.5 mm used in Paper I.  Therefore equa-
tion (21) may be approximated by

[ ]∆ϑeff h h= + × −060 7 1 25 6 10 5 2. ( ) . ( ) (22)

where ∆ϑeff  is in mrad and h is in mm.
The data points in figure 5 are the values of
∆ϑeff  measured in Paper I, while the shaded
region shows the one standard deviation range
of values deduced from our MFM measure-
ments as encapsulated in equation (22).  It is
evident that the nonlinearity of the recording is
indeed a major cause of the mirror roughness
detected in Paper I.  However, there is also a
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Fig. 5.  Data points show the rms angular variation
∆ϑeff  of the effective hard mirror surface as determined

from the motion of bouncing atoms in Paper I.  The
shaded region shows the contribution to ∆ϑeff  due to

recording nonlinearity, deduced from the MFM meas-
urements presented here.  The solid line shows the com-
bined effect of recording nonlinearity and discontinuities
at the track boundaries.

substantial excess which is not explained by
the magnetic corrugations due to harmonics of
the field.  We now consider possible causes of
this.
Since the MFM scans at a fixed height above
the surface of the floppy disk, one obvious
possibilit y for the cause of the excess rough-
ness is a variation in the height of the magnetic
layer.  In order to check this, we studied the
floppy disk under an atomic force microscope
(AFM) [14].  Figure 6 shows the profile of a
typical li ne in the scan.  Over a 100 µm  square
region, the standard deviation of the height is
22 nm and the maximum deviation from the
mean is 100 nm.  The topography of the equi-
potential at average height y0  should follow
that of the underlying surface averaged over an
area of order y y0 0× .  With this averaging pro-
cedure we used the AFM image to estimate the
height variation and hence the rms angular
variation of equipotentials 2 � m and 4 � m
above our magnetic mirror.  The results of this
simple model are ∆ϑ = 7 mrad  at height 2 � m
(drop height 64 mm) and ∆ϑ = 4 mrad  at

height 4 � m (drop height 26 mm).  These are
not large enough to explain the excess angular
variation observed in the atom bouncing ex-
periment because they should be added in
quadrature to the ∆ϑ  caused by harmonics.
We think it is more li kely that the excess
roughness is caused by the boundaries between
adjacent tracks of the magnetic recording.

0

20
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100

0 20 40 60 80 100
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ei

gh
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nm
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Fig. 6.  Typical atomic force microscope scan across the
surface of the floppy disk.

Along each boundary there is a region of width
~ λ  where the field is distorted because the
sine waves on the two tracks are not in phase
with each other.  In these regions, which cover
approximately 0.03 of the mirror surface, there
are strong angular variations of the magnetic
equipotentials and atoms which land there are
deflected through large angles.  The angular
variations reported in Paper I and shown as
data points in figure 5 include this effect of the
boundaries: our measurement did not distin-
guish the few atoms which suffer large deflec-
tions from the majority which have small de-
flections.  Both can be incorporated into the
theory by adding a constant angle, expected to
be of order 0.03 rad, in quadrature with the
corrugation caused by nonlinearity of the re-
cording.  The solid line in figure 5 shows this
modified theory with a 26 mrad constant term
as determined by a least-squares fit.  This
model is completely compatible with our data,
and suggests that there are no other significant
causes of non-specular reflection.

5.  Summary and future prospects

We have developed a theory to describe the
equipotentials of the Zeeman interaction above
the surface of a magnetic mirror, which takes
into account the finite thickness of the mag-
netic layer and the anharmonicity of the re-
cording.  We have also devised a method by
which magnetic force microscopy can be used
to determine the Fourier components of the
mirror’s magnetisation and used it to charac-
terise the atom-optical properties of the mirror
according to our theory.
Our measurements have shown that the equi-
potentials of the mirror are essentially flat and
decrease exponentially as expected from the
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theory.  There is some spread in the angle of
reflection of the atoms due to a corrugation of
the reflecting surface caused by the presence
of more than one frequency in the magnetisa-
tion of the surface.  Additional angular spread
is caused by the distortion of the equipotential
surfaces at the boundaries between tracks.  At
present, these effects limit the optical quality
of the mirror by restricting the angular resolu-
tion to a few tens of milli radians for atoms
dropped from heights of a few centimetres.
There are two obvious ways to improve the
performance of f loppy disk mirrors in the fu-
ture, both related to the way the signal is re-
corded.  (i) It should be possible to reduce the
amplitudes of the higher harmonics of the
magnetisation recorded by an appropriate dis-
tortion of the input waveform.  (ii ) In order to
avoid discontinuities at the boundaries, the
tracks can be phase-locked to a reference
track, ensuring that the loci of maxima and
minima are radial.  With these improvements
one can hope to reach the 5 mrad level and we
may well be able to do much better than that.
An alternative approach might be to use a
magnetic material with a stronger remanent
field so that the atoms are reflected at a larger
distance from the surface where we have dem-
onstrated that the higher harmonics have less
effect.  On both these counts the use of mag-
netic audio tape is attractive: the maximum
field is of order 1 kG and the recording tech-
nology is carefully designed to optimise line-
arity.  Of course, the synchronisation of tracks
would be required here as well.
In devices for physical optics one needs to pre-
serve the phase of the de Broglie wave front
and it is necessary to consider the height
variation of the surface.  We know from our
AFM image that the rms surface roughness is
22 nm.  Using the simple model described in
Section 4, we find that the equipotential 4 � m
above the surface has an rms roughness of or-
der 12 nm.  Since this is approximately equal
to the de Broglie wavelength of a rubidium
atom dropped from 1 cm, the prospects for a
diffraction grating look good, particularly at
grazing incidence angles.  Other considera-
tions related to the possibilit y of physical op-
tics have been discussed by Opat et al [5].
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Appendix A

This appendix fill s in the steps connecting
equations (4), (5) and (6).  When the magneti-
sation is uniform throughout the thickness b of
the medium, equation (4) reduces to

φ
µ
π( )r = − +

=

∞

∑0

08
i c.c.nkM In

n

, (23)

in which I is the following integral over the
magnetised volume

I
e

d r
nkx

V
=

− ′
′∫

i '

r r
3 . (24)

Writing the Cartesian components of r r− ′  as
( , , )u v w , this becomes

I e du dv dw
e

u v w
inkx

inku

y

y b

=
+ +

−

−∞

∞+

−∞

∞

∫∫∫ ( ) /2 2 2 1 2
. (25)

The integral over u is symmetric therefore
only the cosine term from the exponential sur-
vives.  Now equations 3.754#2, 6.596#3 and
8.469#3 of reference [15] give

du
nku

u v w
K nk v w

K x z dx
z

K z

K nkv
nkv

e nkv

cos( )

( )
[ ( )]

[ ( )] ( )

( )

2 2 2 1/2 0
2 2

0
2 2

0

1/2

1/2

1/2

1/2

2

2

2

+ +
= +

+ = 





= 





−∞

∞

∞

−

−
−

∫

∫ α π
α

α

π

(26)

where K is a Bessel function of imaginary ar-
gument.  These lead from equation (25) to the
result

I
nk

e e einkx nkb nky= − − −2
12

π
( )

( ) . (27)

The combination of equations (23) and (27)
gives

φ δ( ) .( )r c.c= − +
=

∞
− +∑1

2 0

iB

nk
e e

n

n

nky i nkx n , (28)

where, as we cite in equation (6),

( )B M en n
nkb= − −1

2
10µ . (29)

The components of the field are therefore

B
x

B e nkxx n
nky

n

n

= − = − +−

=

∞

∑∂ φ
∂

δcos( )
0

(30)

and

B
y

B e nkxy n
nky

n

n

= − = +−

=

∞

∑∂ φ
∂

δsin( )
0

, (31)

which is the result given in equation (5).
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Appendix B

This appendix relates the soft potential of the
floppy disk mirror to an equivalent hard mir-
ror.

B1.  First and second harmonics

We take as our starting point the equations of
motion derived from equation (9), keeping
only the leading terms:

m
d y

dt
B ke

m
d x

dt
B k kx e

ky

ky

2

2 1

2

2 2
2

= −

= −

−

−

µ

µ

ζ

ζ sin( )

(32)

Naturally, we neglect the gravitational accel-
eration which has no appreciable effect while
the atom is in the field of the mirror.  Integra-
tion of the first equation above gives

v t v ey
k y y( ) ( )= ± − − −

0 1 0 (33)

where v0  is the initial velocity (i.e. − 2gh
for a drop height h) and y0  is the distance of
closest approach.  When we integrate once
again we find the height as a function of time
is given by

e h t tk y y− − = −( ) sec ) /0
0

2  ( τ , (34)

where t0  is the time at the moment of closest
approach and τ = 2 0/ kv  characterises the time
of interaction between the atom and the mir-
ror.  For completeness we note that the time-
dependence of the perpendicular velocity is

v t v t ty ( ) tanh ( ) /= − −0 0 0 τ (35)

The x-component of velocity is found by sub-
stituting equation (34) into equation (32):

m
dv

dt
B ke

kx h t t

x ky= −

⋅ −

−µ

τ

ζ 2
2

0

0

sin( ) sec ) /4  (
(36)

In general, this does not have a simple analyti-
cal solution, however we are interested in the
particular cases where v vx << 0 .  In these
cases v xτ λ<<  and then the factor sin( )kx  is
effectively a constant sin( )kx 0 , where x0

identifies the point of impact on the mirror.
The angle of deviation from specular reflec-
tion is determined by the change in vx  result-
ing from the reflection, and is found by inte-
grating equation (36) to be

∆v

v

B ke kx

mv

B

B

mgh

B
kx

x

ky

0

2
2

0

0

2

1 1
0

0 4

3

4

3

= −

= −











−µ τ

µ

ζ

ζ

sin( )

sin( ).

(37)

We take the rms value of this and divide by 2
to obtain ∆ϑeff , the angular variation of the
equivalent hard reflecting surface.

∆ϑ µζ
eff

B

B

mgh

B
=

−











2

3 2
2

1 1

. (38)

This is precisely 2/3 of ∆ϑ , the angular varia-
tion of the equipotential at y0 which is given
in the text by equation (11).  This factor is the
main result we wish to show.  In the course of
deriving it, we have made a succession of rea-
sonable approximations.  In order to check that
the net effect remains a good approximation
we have compared equations (37) and (38)
with a numerical calculation of the exact
atomic trajectories.  In this complete calcula-
tion the angles of deviation are indeed sinusoi-
dal in x0  within a few percent and their varia-
tion is correctly characterised by our ∆ϑ eff

hard mirror  approximation to better than 1%.

B2.  Higher harmonics

In the presence of higher harmonics the inter-
ference between the fundamental and the nth

harmonic leads to an additional acceleration in
the x direction.  The leading term is

m
dv

dt
n B ke

n kx h t t

x

n
n

nky



 = − −

⋅ − −

−( )

sin( ) sec ) /

1

1

2

0

0µ

τ

ζ

2n(

(39)

which is a simple extension of equation (36).
A repetition of the analysis given above even-
tually yields an angular variation of the
equivalent hard reflecting surface of

( )∆ϑ

µζ

eff n

n

n

n
B

B

mgh

B

n

n

=

−








−











−
−

−
1

2
1

2 2

2 11 1

1

( )
( )!!

( )!!
.

(40)

This is to be compared with the angular varia-
tion at spatial frequency ( )n k−1  of the equi-
potential at y0
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( )∆ϑ µζ
n

n

n

n
B

B

mgh

B
= −









−











−
1

2
1

1 1

1

( ) . (41)

Once again we find that ∆ϑ eff  is related to

∆ϑ  by a simple numerical factor, specifically
( )!! / ( )!!2 2 2 1n n− − .  For the particular case
of n = 2 we recover the factor of 2/3 derived
above.  In the case of our mirror we wish to
include both n = 2 and n = 3 and the varia-
tions ( )∆ϑ eff 2

 and ( )∆ϑeff 3
 must be added in

quadrature.  This is how we arrived at the total
angular variation given in equation (21) of the
text.
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